Abstract. Some entries on both finite and infinite Rogers-Ramanujan continued fractions in the lost notebook are examined.
Introduction
Recall that the Rogers-Ramanujan continued fraction is defined by In this paper, we focus on two famous and useful identities for R(q) recorded by Ramanujan in his notebooks [9] , [2, p. 265, Entry 11(iii)], namely, In their examination of the continued fractions in Ramanujan's lost notebook [10] , the authors of [1] overlooked some entries. The purpose of this paper is to examine these neglected entries on continued fractions and offer a few additional related results. In Section 2, we establish claims made on page 57 of [10] involving finite Rogers-Ramanujan continued fractions, while in Section 3, we turn our attention to theorems on R(q) itself.
Finite Rogers-Ramanujan Continued Fractions
On page 57 of [10] , Ramanujan examines four finite Rogers-Ramanujan continued fractions that were not covered in [1] . We state the first as Ramanujan recorded it, although it is perhaps more natural to interchange the hypothesis and conclusion.
Entry 2.1 (p. 57). If
Observe that the left-hand side (2.1) is simply the sixth partial quotient A 6 /B 6 of 1/(q −1/5 R(q)), where R(q) is the Rogers-Ramanujan continued fraction defined in (1.1), and where q = −ix. Ramanujan's claim is that if
Proof. First, for a continued fraction
recall the standard recurrence relations for the nth approximant A n /B n [5, p. 6]
for n ≥ 1, with initial values A −1 = 1, B −1 = 0, A 0 = b 0 , and B 0 = 1. We calculate the numerators A n , 2 ≤ n ≤ 6. To that end,
We see that A 6 is the first case when the real and imaginary parts have a common factor, which is (x 6 − x 4 − 1). Ramanujan's Entry 2.1 then follows.
Do further numerators contain a common factor? We can extend Ramanujan's result with the next theorem. We do not have a general theorem, however. Proof. We note that
and
Since (x 10 + 1) = (x 2 + 1)(x 8 − x 6 + x 4 − x 2 + 1), the result follows.
The three remaining entries to be examined here are finite Rogers-Ramanujan continued fractions evaluated at roots of unity. All three results are consequences of a table found on page 133 of [1] , which is incorrectly labelled, for it was erroneously assumed that Ramanujan was employing the same notation on page 46 of [10] as he was on page 57. To remedy this blunder made by the second author of [1] , we redefine P n (x) and Q n (x), for each positive integer n, by
Then the following table taken from [1, p. 133] is correct. Let ρ denote the least positive residue of n modulo 5. In each evaluation, x is a primitive nth root of unity.
. If x is a primitive nth root of unity, with n ≡ 2, 3 (mod 5), then
Proof. If n ≡ 2, 3 (mod 5), then according to the table above, P n−1 (1) = 0, which is precisely the assertion of Entry 2.3.
Entry 2.4 (p. 57)
. If x is a primitive nth root of unity, with n ≡ 1, 4 (mod 5), then
Proof. From the table above, if n ≡ 1, 4 (mod 5), then
The assertion (2.4) is equivalent to Q n−2 (1) = 0. Now,
By (2.5), P n−3 (1) = 0, and since the approximants of (2.5) are identical to those of (2.6), it follows that Q n−2 (1) = 0, which is what we sought to prove. Entry 2.5 (p. 57). If x is a primitive nth root of unity, then, if n ≡ 0 (mod 5),
Proof. According to the table above, when n ≡ 0 (mod 5),
which is the assertion (2.7). On the other hand,
Since, by (2.9), P n−2 (1) = 0, and since the partial numerators of (2.10) are identical to those of (2.9), we conclude that Q n−1 (1) = 0, which is equivalent to the claim (2.8).
Theorems about R(q)
The first entry that we examine does not appear to be correct as recorded in [10, p. 56] . Appearing in Ramanujan's purported identity is the expression
so that the nth term in this product is (1 − x 5n ) 5n . We think that (3.1) is incorrect, and that Ramanujan mis-recorded the second term of the product representation for f 5 (−q 5 ). On the right-hand side of Ramanujan's formula, we find the function F (q), which is not defined by Ramanujan. However, F (q) is evidently the Rogers-Ramanujan continued fraction R(q) defined in (1.1). Recall that in his second letter to Hardy, Ramanujan used the same notation, but without the factor q 1/5 , to denote the Rogers-Ramanujan continued fraction [4, p. 57]. We remark that this entry is difficult to read in [10] .
.
Proof. For brevity, we set t = F (q) = R(q) and α = (1 − √ 5)/2. We employ the identities
which are found on page 206 in Ramanujan's lost notebook [10] , [1, pp. 21-22] . Now, with the use of (3.5), we find that the numerator of the right-hand side of (3.3) is equal to 1
In (3.6), replace q by q 1/5 and let t = R(q 1/5 ) = F (q 1/5 ). Then the denominator on the right-hand side of (3.3) equals (3.8) 1
If we now divide (3.7) by (3.8), we find that the right-hand side of (3.3) is equal to
which establishes (3.3). If we use (1 + √ 5)/2 in place of α in (3.5) and (3.6), and proceed as above, we obtain (3.4).
In the next entry, Ramanujan offers two values for the Rogers-Ramanujan continued fraction R(q). Then
where
The identity (3.10) was proved by K.G. Ramanathan [6, p. 216] .
Proof. Recall the definitions of f (−q) and η(τ ) in (1.4). In both the proofs of (3.9) and (3.10), we employ the familiar transformation formula for the Dedekind eta function [2, p. 43, Entry 27(iii)]
First, from (1.2), with the use of (3.12), we find that
where g 50 is Ramanujan's class invariant [3, p. 183], [7] , and where g = g 50 satisfies the equation [3, p. 201] , [11, p. 723] (3.13)
If we now take ξ = 1/g, we see that (3.13) and (3.11) are identical. Thus, the proof of (3.9) is complete. Second, using again (1.2) and (3.12), we find that
Since g = 1/ξ, we have completed the proof of (3.10).
We now offer some identities related to the identity on page 204 in the lost notebook [10] that we examined above. It follows from (3.9) and (3.10) that (3.14) 1
We generalize (3.14) and find analogous results.
Proof. It follows from (1.2) that Applying (3.17) twice, once with 5α and β/5 and once with α/5 and 5β for α and β, respectively, we find that 
Thus (3.9) and (3.10) may be regarded as refinements of (3.18) when α = √ 2 and β = 1/ √ 2.
Another proof of Proposition 3.3. Let t := t(α) := R(e −2α ) and t := t (β) = R(e −2β ). After some calculation, we can rewrite (3.15) as (3.19) tt + (t + t ) + 1 tt
On the other hand, if we let A = (1 + √ 5)/2, we may write (3.18) as (3.20) tt + (t + t )A = 1.
Since A = 1 + 1/A, (3.20) can be also written as (3.21) tt + (t + t )(1 + 1/A) = 1.
Dividing (3.21) by tt and adding the result to (3.21) gives
Using (3.20) in (3.22), we obtain (3.19).
Taking the same procedures for Proposition 3.3, using (1.3) instead of (1.2), we can prove an analogous result for R 5 (q).
Proposition 3.4. If αβ = π 2 /5 with α, β > 0, then 
